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B2 THE LATIN SQUARE

into 5 independent sets of 3 each, being the 3 independent
comparisons among 4 sets of 4 objects each, into which
the whole may be divided. An arrangement of this
kind is shown below, in which numeral suffices are used
in place of one set of Greek letters :—

Aja B, Csy Dy

By Agd Dsa C,B

Cyd Dy A8 Bae

D, Cuu B,8 Ay

There are in all 2 X6 X 24® such arrangements.

The 5x35 Latin squares in the standard position
are 56 in number, and fall into two sets. *Qne set of
50 vields no Graco-Latin square, but the set of 6,
which are symmetrical about the diagonal, yield each
3 different squares which do not differ merely in a
permutation of the Greek letters. There are therefore
3X6Xx24%120% §5X5 Graeco-Latin squares, The three
different arrangements are all mutually orthogonal,
so that we may add a numeral suffix, as in the 4x4
square above, and obtain 6X6 X 24X 120% solutions,
And we may add a second suffix independent of the
first, and of the letters, in 6x6x24x120% different
ways. An example using two suffices is shown below :—

Ajay  Byp, Cs'}_’a DBs  Egey
By  Cyep  Dyay  Eyfy Agy,
CeBs Diys Egdy  Age, Byoy
Does  Ejng  ABy Byyr  Cidy
Eyvas Ay Brey  Cuug  Dyfy

Consequently, the 24 degrees of freedom among 23
objects can be subdivided into 6 independent sets of
4 corresponding to the rows, columns, Latin letters,
first suffices, Greek letters and second suffices in the
square above. Such a square may be said to be
completely orthegonal.
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Completely Orthogonal 8x8 Square

1t 25 32 43 5 7 6 4 78 86
v 738 547 265 826 382 6354 473
11 4 6 68 87 34 75 23 52

22 18 71 67 83 46 35 5 4
222 375 863 148 514 751t 486 637
22 6 4 45 53 76 38 17 81

33 74 17 51 42 85 26 68
333 216 452 784 678 167 845 521
33 58 86 62 15 2 4 71 47

44 63 56 15 3 8 21 87 7 2
444 857 318 623 762 576 231 183
4 4 12 27 78 5t 83 63 36

55 B 48 34 16 73 62 27
§§5 642 136 871 287 428 713 364
55 37 72 2 6 43 61 8 4 1 8

66 47 84 28 75 Iz 53 31
666 583 725 417 341 834 172 2638
66 21 13 35 82 57 48 7 4

77 36 23 82 6 1 58 14 43
777 124 681 356 435 243 568 812
77 85 5 4 41 28 16 32 6 3

88 5z 65 76 2 4 37 41 13
888 461 274 532 153 61585 327 746
88 73 31 T4 67 42 56 25
Although there are 9408 6 x6 Latin squares in the
standard position, belonging to 12 distinct types, yet
none of these yields a Graco-Latin square, a conclusion
arrived at by Euler after a considerable investigation,
but only recently established for certain by the enumera-
tion of the actual types which occur. Graco-Latin
squares are easily formed with 7 units in a side, or any
other odd number; the 7 x 7 squares were enumerated
by Norton in 146 species; later A. Sade found the
147th species, adding 14,112 standard squares to the
16,927,968 found by Norton. It may be shown that
with any prime number (p) the p?—1 degrees of
freedom among p? objects may be separated into p-+1
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independent sets of p—1 degrees of freedom each, each
representing comparisons among p groups of p objects.
Yates has shown that this is also true of 8% objects, and
the same can be done with ¢?, as the examples illustrate.
Stevens has demonstrated the possibility in general for
powers of prime numbers.

After the rows and columns, the categories of sub-
division are represented by the numbers in the cells of
each square. The squares given may be randomised
by permuting, (2) the rows, columns, and each set of
numbers among themselves; (4) whole sets of numbers
with each other and with the rows and columns.

Thus, in the 8x8 square shown above, the seven
numbers represent seven different ways of dividing 64
objects into 8 groups of 8 each, making with the rows
and columns ¢ ways in all, so that no two objects are
classified alike in any two of the nine ways.

Completely Orthogonal 9xX 9 Sgquare
1111 2322 3233 9549 7457 8668 5075 6886 4794
1111 4546 7978 3834 6369 9492 20627 5753 8285
2246 3154 1365 7672 8583 o491 6717 4928 5839
8322 2454  5BBo 771§ 1247 4673 9538 3961 6196
3378 1289 2197 8414 9625 7530 4843 5751 . 0962
6233 gb6s 3797 3926 8138 2iBr 4419 7842 1374
4435 5616 6524 3861 1742 2953 8399 9277 7188
9744 3279 661z 8567 2993 §135 7351 1486 4828
5567 6448 4659 1996 _ 2874 3785 gI132 7313 8221
4955 7187 1523 6448 o871 3316 5202 8694 2739
6693 43571 5482 2738 3910 iBz7 7264 Bi45 9350
2866 35398 8431 1659 4782 7224 3143 6575 9917
7729 8937 9B1B 6255 4166 3344 2681 3592 1473
5477 8813 2345 4291 7636 1768 6984 9129 3552
8852 9763 7941 4387 5298 6179 3420 1634 2515
3688 6721 9256 2172 5514 Bodo 1895 4337 7463
9084 78¢5 8776 §123 6331 4212 1558 2469 3647
7509 1932 4164 9383 3425 6837 8776 2218 5641
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